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Abstract. Pretrained diffusion models represent image distributions through a continuum of
progressively smoothed distributions. This multiscale structure organizes generation from global
structure to fine detail and supports high-quality, diverse samples. We exploit the same multiscale
diffusion prior for linear imaging inverse problems. Rather than using the pretrained model only as a
denoiser in an outer iteration, we define a surrogate likelihood whose center is aligned with the clean-
image coordinate and whose covariance accounts for residual diffusion uncertainty. This construction
defines an explicit surrogate posterior path, from which we derive continuous posterior dynamics. A
tunable Langevin component supports target tracking and allows the amount of posterior exploration
to be adapted to the application. We prove endpoint consistency and a finite-horizon tracking bound
and, in the exact-score setting, first-order weak accuracy. For computation, we derive the Posterior-
Dynamics Implicit—Explicit sampler (PD-IMEX), a stable method using one score evaluation per
diffusion scale and an implicit data-consistency update. Experiments on deblurring, super-resolution,
and inpainting show strong reconstruction quality at 100 score evaluations, coarse-grid stability, and
controllable fidelity—diversity behavior.
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1. Introduction. Many imaging tasks, including deblurring, super-resolution,
tomography, and accelerated magnetic resonance imaging, can be modeled as linear
inverse problems. We consider measurements of the form

(1.1) y=Azr+n, A e R™¥4, n ~N(0,031),

where z € R? is the unknown clean image. Because A is often ill-conditioned or rank
deficient, reconstruction depends critically on prior information. Classical models
encode smoothness, sparsity, low-rank structure, or nonlocal self-similarity through
explicit regularizers [35, 40, 9, 6, 12, 19, 17]. Task-specific restoration networks learn
stronger regularities from paired, noisy, or self-supervised data [46, 28, 45, 25, 3, 24].
Their reconstruction rule, however, is typically tied to the training degradation, data
protocol, or task, and can require retraining or adaptation when the sensing operator
changes.

Deep generative models provide a distributional alternative. They learn the sta-
tistics of plausible images from clean data and can be reused with different sensing
operators at inference time. This separates the learned image prior from the explicit
physical measurement model and avoids training a new reconstruction network for
every degradation.

Diffusion and closely related continuous-time generative models have achieved re-
markable success in high-resolution image synthesis, producing realistic images with
coherent, global structure, fine spatial detail, and broad semantic diversity. Stable
Diffusion [34] and the flow-matching model FLUX.1 Kontext [4] provide compelling
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empirical evidence that these models can represent rich, high-dimensional image dis-
tributions. In a diffusion model, generation is organized through a continuum of
progressively Gaussian-smoothed image distributions rather than through the clean-
image distribution alone [37, 18, 38]. We call this multi-level noise-indexed family the
multiscale diffusion prior: each diffusion scale is a density at a different degree of
Gaussian smoothing. At coarse diffusion scales, the model organizes global structure
and alternative modes; at fine diffusion scales, it progressively resolves texture and
local detail. This coarse-to-fine organization underlies the high fidelity and diversity
of diffusion-based generation.

For inverse problems, this structure suggests conditioning the whole multiscale
diffusion prior rather than using the pretrained network only as an endpoint denoiser.
Coarse diffusion scales can organize global image structure while the measurement
remains uncertain, and finer scales can incorporate increasingly detailed data con-
sistency. Retaining a distribution at every diffusion scale also allows multiple data-
consistent modes in underdetermined problems [41, 44]. Our objective is to exploit
this multiscale representation to obtain an efficient posterior solver without sacrificing
the diversity supplied by the generative prior.

Accordingly, we formulate reconstruction as Bayesian posterior inference and ask
how the endpoint posterior can be extended across the same diffusion scales:

2
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(1.2) (@ | y) o po(z) exp<—w> :

where pg is represented implicitly by a diffusion model. A diffusion prior learns the
score of progressively smoothed data distributions [37, 38, 18]. For a forward process

the reverse-time prior dynamics are
(1.4) dX, = [f(Xe,t) — g(t)*Viegpy(Xy)| dt + g(t) AW,  t:T =0,

with the score approximated by a neural network trained by denoising score matching
[1, 38].

One principled way to modify the reverse prior dynamics so that their endpoint
law matches the posterior is to tilt the reference path law by the endpoint likelihood.
Let PP* denote the path law induced by (1.4). The resulting likelihood-tilted path
law admits the relative-entropy-regularized variational characterization [16]

x : . dQy, X
(15) Q= argmin (KL@IP™)  Eologply | o), e = A1)

By Bayes’ rule, the endpoint marginal under Qj is po(- | y). This path-law modifica-
tion can be realized dynamically by a Doob transform [14] with potential

hi(x) = Epe[p(y | Xo) | Xi = 2] = pi(y | @)

Under the decreasing-time convention in (1.4), the Doob transform contributes the
drift —g(t)?V log h;. The exact posterior dynamics are therefore

(1.6) dXy = [f(Xtat) - g(t)2VI0gpt(Xt | y)} dt + g(t) AW, t:T —0.
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Bayes’ rule then separates the posterior score in this controlled drift as

(1.7) Vo, logpi(ze | y) = Vi, logpe(xe) + Vi, logpe(y | ).

The pretrained model supplies the prior score at every diffusion scale, but the inter-
mediate likelihood score is generally unavailable because

(18) pely | 1) = / p(y | 2o)p(ao | 22) dao.

Thus the central computational difficulty is to condition the multiscale diffusion prior,
not to learn another clean-image prior. The path-space control formulation identifies
the exact reference dynamics; the remaining task is to construct a tractable surrogate
for its unavailable likelihood term.

Existing methods address the unavailable intermediate likelihood through dis-
crete guidance corrections, operator-aware projections, unrolled or plug-and-play re-
construction schemes, and more costly particle or inner Monte Carlo procedures
[10, 11, 39, 23, 49, 44, 7, 43, 48]. Recent provable methods obtain posterior correct-
ness through either singular-direction DDIM updates or an outer probability transport
equipped with inner Langevin posterior-score estimation [20, 8]. These approaches
have different algorithmic structures. Our goal is to preserve the multiscale diffusion
prior as the central modeling object and derive an explicit posterior path, continuous
dynamics, and numerical solver from one construction.

We work in clean-image coordinates, where scale alignment and likelihood contin-
uation define a normalized surrogate posterior along the Gaussian smoothing path of
the diffusion prior. Its transport defect motivates a tunable Langevin component for
tracking and exploration. From the same continuous model, we derive the Posterior-
Dynamics Implicit—Explicit sampler (PD-IMEX), which uses one score evaluation per
scale and implicit linear data consistency.

Our main contribution is a multiscale posterior-dynamics framework that turns a
fixed pretrained diffusion model into an efficient and tunable solver for linear imaging
inverse problems. Specifically:

e Multiscale surrogate posterior construction. We use the complete mul-
tiscale diffusion prior rather than treating the pretrained network only as a
denoising module in an outer reconstruction procedure. Deterministic scale
alignment places the surrogate likelihood center in the clean-image coordi-
nate, while likelihood continuation accounts for the leading projected covari-
ance of residual diffusion uncertainty. Together they define a normalized
surrogate posterior at every diffusion scale and recover the desired Bayesian
posterior at the endpoint.

e Posterior dynamics with guarantees and tunable exploration. We
derive continuous dynamics consisting of base multiscale transport and a
freely chosen Langevin component. For the moving surrogate posterior, the
Langevin intensity supports target tracking and allows the same framework
to range from nearly deterministic reconstruction to stronger posterior explo-
ration. We characterize the path mismatch and establish endpoint consistency
and a finite-horizon tracking bound.

e An efficient and stable numerical realization. We derive PD-IMEX,
a one-score-evaluation-per-scale discretization that treats the linear likeli-
hood dynamics implicitly and adds the Langevin innovation after the data-
consistency solve. For the exact prior score, we establish first-order weak
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accuracy. Experiments show strong reconstruction quality at 100 score eval-
uations, coarse-grid stability, and control over the fidelity—diversity trade-off.

2. Related work and positioning.

Likelihood guidance and operator-aware solvers. Training-free diffusion
inverse solvers commonly modify the unconditional reverse process using an approx-
imation of the unavailable intermediate likelihood score at each diffusion scale. DPS
evaluates measurement discrepancy at a Tweedie denoised estimate. Methods based
on manifold constraints or pseudoinverses incorporate local geometry or approximate
conditional covariance information [10, 11, 39]. TMPD goes beyond a point approxi-
mation by using higher-order Tweedie moments to construct a statistically motivated
approximation of the conditional distribution [5]. For structured linear problems,
SNIPS and DDRM exploit singular-vector decompositions to separate measurement-
informed and prior-dominated directions, DDNM decomposes range and null-space
components, and DiffPIR alternates diffusion denoising with explicit data consistency
[22, 23, 42, 49].

Posterior-oriented and annealed inference. A second line of work places
greater emphasis on posterior inference, typically at additional computational cost.
Variational approaches such as RED-Diff optimize tractable objectives induced by
the diffusion prior, while MGPS uses intermediate-state guidance within a varia-
tional posterior-sampling construction [29, 30]. Filtering and sequential Monte Carlo
approaches, including auxiliary-variable methods, approximate the conditional dis-
tribution through particles or inner Monte Carlo procedures rather than a single
reverse-guidance update [15, 7, 43]. PnP-DM treats the pretrained diffusion model as
a plug-and-play prior and reduces Bayesian inversion to iterative sampling of Gauss-
ian denoising posteriors [44]. DAPS instead constructs a decoupled noise-annealing
process and performs inner sampling at each diffusion scale, allowing larger moves
and improved exploration relative to a conventional reverse trajectory [48]. These
approaches improve posterior fidelity or exploration through additional inference it-
erations, whereas our focus is a single-loop dynamics using one score evaluation at
each discretized diffusion scale.

Provable diffusion posterior sampling. Recent work has begun to establish
rigorous posterior guarantees for diffusion inverse solvers. For noisy linear inverse
problems, a provable DDIM-type sampler treats the singular directions of the mea-
surement operator separately: each component follows the diffusion prior while the
measurement signal-to-noise ratio is low and switches to a calibrated measurement
predictor once the observation becomes sufficiently informative. This gives lightweight
coordinate-wise updates with posterior consistency [20]. For more general Bayesian
inverse problems, an outer probability transport estimates the time-dependent pos-
terior score through an inner Langevin Monte Carlo procedure with a warm start.
Its nonasymptotic analysis controls initialization and sampling errors in this nested
procedure, including the effects of problem conditioning [8]. These results show that
rigorous posterior sampling can be obtained either by exploiting detailed structure
of the observation model or by investing additional computation in posterior-score
estimation.

Position of this work. Our distinction lies in using the multiscale diffusion
prior as the central object from which posterior modeling and computation are de-
rived. Many practical methods introduce data consistency through discrete guidance,
unrolled reconstruction, or plug-and-play iterations, while recent provable methods
rely on operator-specific coordinate updates or inner Monte Carlo score estimation.
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Our construction is complementary. We define a normalized surrogate posterior at
every diffusion scale, quantify its mismatch from the base multiscale transport, and
derive continuous transport—Langevin dynamics and the corresponding PD-IMEX dis-
cretization from the same posterior path. This gives a single-loop, one-score-per-scale
solver while retaining a tunable Langevin intensity for posterior tracking and explo-
ration.

3. Posterior dynamics from a multiscale diffusion prior. The multiscale
diffusion prior introduced in Section 1 becomes, in clean-image coordinates, a Gauss-
ian smoothing path. We first condition its endpoint exactly to identify a reference
posterior path and a family of transport-Langevin dynamics. We then construct a
tractable surrogate posterior path across the same diffusion scales, analyze its tracking
error, and derive the PD-IMEX discretization.

3.1. Exact posterior path and transport—Langevin family. We begin with
the ideal setting in which the posterior score is available. We identify the unknown
signal with the diffusion endpoint X € R? and assume throughout the total-variation
analysis that o4 > 0. The variance-preserving (VP) forward stochastic differential
equation (SDE) is

(3.1) X, = —%B(t)Xt At +/BO AW, Xo ~ po,

where B(t) > 0. Its marginal representation is

¢
(3.2) X = Vo Xo + oee, o = exp <—/ B(s) ds) , o2 =1-ay.
0

The diffusion state contains both deterministic attenuation and additive Gaussian
noise. For the exact posterior path, it is convenient to remove only the known attenu-
ation and use the remaining noise-to-signal ratio as time. We therefore introduce the
clean state and log-SNR time

(3.3)
1
Zyi=—L =X, TAE, T =e =72 =e 2 A=-1o

A i 0+ Tx A ) ax A ) 5 108
This is an exact change of variables, not yet an approximation of the likelihood. In
this coordinate, every marginal is an additive Gaussian perturbation of the same
clean variable, with uncertainty ¢). The log-SNR clock makes the reverse direction
monotone and gives dxgy = —2¢x. Thus increasing A follows the reverse generative
direction from coarse to fine diffusion scales. Let P, denote convolution with N'(0, ¢I).
The unconditional clean-coordinate density is

Qi

1—04,5'

(3.4) T = Py, po.

The family {m)}, is the clean-coordinate representation of the multiscale diffusion
prior. Conditioning the initial law on y gives the exact posterior path

(3.5) T = Pypo(- | y).

Accordingly, {m{} is the exact posterior path across the same diffusion scales. For
every finite A, Gaussian smoothing makes 7§ strictly positive and smooth, even when
the endpoint posterior is only a Borel probability measure.
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Under the change of variables in (3.3), the exact posterior dynamics (1.6) become

dZ)\ = QQAVIOgWK(Z)\) dX + \/2(])\ dW)\

The marginal path (3.5), however, does not uniquely determine the pathwise dy-
namics. Let ay > 0 denote the Langevin intensity, which controls the strength of a
matched Langevin score drift and Brownian diffusion. The following proposition gives
the resulting family with the same marginals; the dynamics above are recovered when
ax = gx.
PROPOSITION 3.1 (Exact posterior family with arbitrary Langevin intensity).

Let ay > 0 be locally bounded and suppose the SDE and its Fokker—Planck equation
are well posed on every compact interval [Ng, A]. Consider

(3.6) dZy = (q,\+a,\)V10g7TZ/<(Z,\)d/\+\/2a,\ dWy, A% N?TKO.

Then Zy ~ iy for all X > Xg. Moreover, w8 = po(- | y) as A — oo.

The proof is given in Appendix A. The key identity is
(3.7) (9)\7T§ = —q)\AFK.

When the candidate density in the Fokker-Planck equation of (3.6) is set equal to 7,
the ay-dependent drift and diffusion cancel exactly, leaving (3.7).

Remark 3.2 (Relative Langevin intensity). Choosing ayx = (qx, with ¢ > 0,
parameterizes the Langevin component relative to the multiscale transport coefficient
qr. It gives

dZy = (14 Q)qxViog i (Zx) dX + v/2(gx dW.

Thus ¢ = 0 is probability-flow transport and ¢ = 1 is the usual reverse SDE in
the clean coordinate. Values { > 1 are also admissible, and a general a) permits a
time-dependent Langevin-intensity schedule. In the ideal model, varying ¢ changes
pathwise exploration without changing the prescribed posterior marginals. For the
moving surrogate posterior introduced below, the same Langevin component addi-
tionally supplies entropy dissipation and therefore acts as a tracking mechanism.

3.2. Surrogate posterior path across diffusion scales.

Scale-consistent likelihood center. The exact family is not directly imple-
mentable because an unconditional diffusion model supplies the prior score but not
the intermediate likelihood in (1.8). Write the clean likelihood, up to its normalizing
constant, as

0(xp) := exp

Az — yn?] |

203
The exact quantity is the conditional average

Tt Ot
= — — €.
Vv Ot VALY

This decomposition separates two effects of the diffusion scale on the intermediate
likelihood. The deterministic attenuation determines where the clean-image forward
model should be evaluated, while the additive term represents residual uncertainty
about the clean image. Evaluating the latter exactly requires the conditional law of
the additive correction, including its state-dependent mean, covariance, and higher

pe(y | 2¢) < E[0(Xo) | Xi = 4], Xo
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moments. We instead approximate the two effects in stages. First, we retain only the
deterministic scaling of the diffusion channel and drop the additive correction:

Tt Tt
Xo ~ ) pt(y|xt)“€< )
AvAe: Vo
Here scale consistency refers specifically to the likelihood center: the known attenu-
ation is removed before applying the clean-image forward model. This zeroth-order
approximation does not yet account for uncertainty in the discarded additive term.

It gives
2
[

, 1 Tt
3.9 Vo, log Li(zy) = — AT (A — y> .
The approximation becomes the clean likelihood at the data endpoint, but at a finite
diffusion scale it remains only a surrogate for the conditional average.
In the z coordinate, the baseline surrogate posterior is

_||Az—y||2] .

2
2073

1

SC L
(3.8) Li¢(xt) :=exp [_M L

A
Vo

d

The chain rule gives

(3.10) T3 (2 | y) x mA(z) exp

Equation (3.10) reveals a simple prior-smoothing structure of the clean-coordinate
formulation. The physical likelihood is the same as that at the data endpoint, while
all diffusion-scale dependence is confined to

T = Py, po,

the Gaussian-smoothed prior density. Related prior-side smoothing ideas appear in
proximal optimization and proximal MCMC, where a possibly nonsmooth prior en-
ergy is regularized through its Moreau—Yosida envelope and the associated proximity
operator [32, 33]. The analogy is structural rather than exact: proximal methods use
Moreau smoothing of the prior energy, whereas diffusion applies Gaussian smoothing
to the prior density. The z-coordinate makes this separation explicit by removing the
deterministic attenuation of the diffusion state and expressing the baseline surrogate
as a fixed physical likelihood multiplied by a multiscale, Gaussian-smoothed prior.

Likelihood continuation for residual uncertainty. The baseline surrogate
in (3.10) therefore already contains a prior-side smoothing path. The likelihood con-
tinuation introduced next serves a different purpose: it accounts for the residual
uncertainty of the clean image conditional on the current diffusion state. Away from
the endpoint,

Zyx = Xo+ e

remains uncertain around X, so evaluating the endpoint likelihood directly at Z
can be overconfident. We therefore retain a leading covariance approximation of the
discarded diffusion perturbation. This motivates the effective covariance

(3.11) Ty =03l +mAAT, >0,  m—0 (A= o0).
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We call 1, the likelihood-continuation schedule. The nominal choice 17, = ¢, matches
the covariance of the projected isotropic perturbation. This covariance correction
remains a controlled surrogate rather than the exact state-dependent conditional like-
lihood. More generally, the likelihood continuation accounts for the diffusion-scale
uncertainty remaining in Z, and introduces measurement information progressively
as the prior moves from coarse to fine diffusion scales. The original likelihood is
recovered as 1y — 0. Define

(3.12) Ly(z) :=exp —%(Az —y) TN (Az — y)}

and the normalized surrogate posterior at diffusion scale A

(3.13) Az | y) = ZL)\WA(z)LA(z), Zy = /7r,\(z)L>\(z) dz.
Its score is

(3.14) 5x(z;y) = 85 (2) + 838 (2) = Vlog ma(2) — Hyz + by,
where

(3.15) Hy:=ATT A, b= ATy

Let t = t()\) denote the inverse log-SNR parametrization and write ay := ay(y). We
use £y(-, A) as shorthand for the pretrained network evaluated at the corresponding
diffusion-time label ¢(\). In practice,

(3.16) spa(2) = —e &y (Vanz, \)

approximates V log my(2).

The likelihood continuation is useful only if it returns to the desired Bayesian
model as the diffusion noise vanishes. The next proposition verifies this endpoint
property separately for densities and scores. The distinction is important: density
convergence identifies the limiting law, whereas score convergence alone does not
guarantee convergence of normalized probability measures.

PROPOSITION 3.3 (Endpoint and score consistency). Assume that py is abso-
lutely continuous with an L*(RY) probability density and oq > 0. If nx — 0, then

(3.17) 172 1y) —pC [ 9)llpy = 0.
If, in addition, py is strictly positive and C', and
Vlog(P,, po) — Vlogpy locally uniformly,
then 5x(-;y) converges locally uniformly to the clean-posterior score
Viogpo(z) — 0, 2AT (Az — y).

The L' density assumption is essential for total-variation convergence. If the
endpoint prior is singular, Gaussian mollifications still converge weakly but need not
converge in total variation. The proof of Proposition 3.3 is in Appendix B. Thus
the surrogate posterior path has the correct endpoint, but this statement alone says
nothing about whether a dynamics can track it.
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Transport defect and posterior dynamics. The remaining issue comes from
the way the surrogate was constructed. The exact posterior path in (3.5) is a Gaussian
smoothing of the joint endpoint density and therefore satisfies the backward heat
equation. By contrast, (3.13) multiplies a smoothed prior by a separately continued
likelihood. This product has the correct endpoint but need not follow the same
transport equation. Consequently, simply substituting sy into the probability-flow
drift does not in general produce marginals 7). We quantify this continuous-time
mismatch before deciding how much correction is needed.

DEFINITION 3.4 (Transport defect). For a positive smooth surrogate posterior
path {7x}, define

(3.18) ra(z) := 8,\7?,\(2)7r~/\%(z,;A7‘r,\(z) = Oy log TA(2) + ¢ (A log 7x(2) + ||§,\(z)||2>

The transport defect measures the mismatch between the surrogate posterior path
and the base multiscale transport inherited from the diffusion prior. Indeed, the base
transport velocity is

ua(z) = @A Vlog ma(2),
and (3.18) is equivalently

(3.19) rATA = O\Trx + V - (Tav)).

Thus r) is a normalized Fokker—Planck or continuity-equation residual. It is a signed
local source term rather than a nonnegative norm. Under sufficient decay,

(320) /7“)\ dmy, = 0.

Positive and negative values describe where the prescribed surrogate posterior gains
or loses mass faster than the base multiscale transport can provide.

For an observable F', define its centered version by Cz,[F]| := F — Ez, [F]. The
following identity applies directly to both the nominal and practical continuation
schedules.

PROPOSITION 3.5 (Transport defect for a differentiable likelihood continuation).
Assume that 0y, is differentiable and that the required differentiation and integration-
by-parts operations are justified. Then

rx = 2qx Cr, [$Y" sl)ik]

(3.21) 1. 2
+ (o ) en [Is40°].
In particular, ny = q) implies 1y = —2qx, so the second term vanishes.

The proof is in Appendix C. The first term is the prior—likelihood interaction
created because the heat flow does not preserve products. The second records the
mismatch between the likelihood continuation clock and the nominal variance ¢y. For
the practical schedule ny = ¢3 /(qx + 72),

1. Qo
3.22 4oy = BT
52 DEN T T by

so continuation adds an explicit likelihood self-interaction to the nominal prior—
likelihood defect.
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The defect explains why the base multiscale transport alone can be fragile for
the surrogate posterior path. We therefore retain this transport and add a Langevin
component at every \. When the diffusion scale is frozen, this component preserves
7; while the posterior path moves, it supplies the dissipative mechanism in the track-
ing estimate and permits exploration of posterior ambiguity. Whether this dissipa-
tion dominates the transport defect depends on the functional-inequality and defect-
control conditions below. Let ay > 0 denote the Langevin intensity. The continuous
surrogate model is

(3.23) A2y = (g7 + a3)53 (Zx;9) X + V2ax AW, |

It may be decomposed algebraically as

(3.24) AZy = ginZuy)dh + |axsa(Zaiy) dA + v2ax dWA} :
—_———

base multiscale transport

Langevin component

The second bracket has 7y as its invariant law when A is frozen. Thus the base multi-
scale transport advances the diffusion scale, while the Langevin component supports
tracking and exploration. Increasing a strengthens both effects, while the definition
of the surrogate target 7 itself remains unchanged.

The continuous model is now fully specified. Its convergence requires two dis-
tinct facts. First, the surrogate posterior must approach the clean posterior, which
was established in Proposition 3.3. Second, the sampler law must track the moving
surrogate posterior despite the defect 7). To address the latter, let u) denote the law
of (3.23) and define

(3.25) HO) =KL(ualm),  I(mllm) == / IV 1og (/7 P dpa.

The following theorem shows that the Langevin component produces relative-Fisher-
information dissipation, while the transport defect is the forcing term generated by
motion of the surrogate posterior path. Combining this tracking estimate with end-
point consistency yields convergence to the posterior under the stated conditions.

THEOREM 3.6 (Entropy identity and finite-horizon posterior tracking). Assume
that the coefficients, surrogate posterior path, and sampler densities are sufficiently
regular for the SDE, Fokker—Planck equation, differentiation under the integral, and
the integrations by parts below. Then

(3.26) H'(\) = —axI(px]|7y) — /7")\ dpy.

Suppose further that, for each X\, Ty satisfies the log-Sobolev inequality

(3.27) Entx, (f2) < %/IIWIIQ dix,  pa >0,

and that for every law v encountered in the evolution with finite relative entropy,
(3.28) - /m dv < e KL(v||72) + €, ex ex > 0.

On a fized interval [N, A], set

(329) k>\ = 2a>\p>\ — C).
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If H(\o) < 00, then for every A\ < A,

A
(3.30) HO) < e b g (n) + / e I kudug g
Ao
The proof is in Appendix D. The first term in (3.30) propagates the mismatch be-
tween the practical high-noise initialization and the initial surrogate posterior; the sec-
ond accumulates transport-defect forcing after Langevin dissipation. The log-Sobolev
and entropy-variational tools are standard [2, 16]. In particular, the entropy varia-
tional inequality verifies (3.28) whenever, for some 0y > 0,

(3.31) c\ = 9;1, e\ = 9;1 log/e_g*” dmy < oo.

Combined with Proposition 3.3, the finite-horizon estimate yields ||y — p(- | ¥)|| v —
0 whenever |. /\Oj K, du = oo and the weighted defect term in (3.30) vanishes.

3.3. PD-IMEX discretization. PD-IMEX discretizes the surrogate posterior
dynamics over a grid of diffusion scales. At each diffusion scale, the nonlinear prior
prediction is evaluated once, the linear likelihood drift is treated implicitly, and the
Langevin innovation is added after the data-consistency solve. Using the score de-
composition (3.14), the continuous dynamics (3.23) can be written as

(3.32) dZy = (gx + ax) [sY'(Zx) — HAZy + by] dX + V/2ay dW.

The prior score is nonlinear and supplied by the network, while the likelihood drift
is linear with coefficients H), b, determined by the likelihood-continuation covariance
I'y. A fully implicit treatment would require repeated network evaluations, whereas
an explicit likelihood step can be unstable when H) is stiff. This structure motivates
an implicit-explicit (IMEX) step that evaluates the network once and treats the linear
likelihood implicitly.

Let

(3.33) A< A1 <. < Ag, hy = )\k+1 — Ak,

and write g := qn, and 7, = 7),. By Tweedie’s identity, E[Xy | Z) = 2] =
z 4 qasY (z). Thus the noise-prediction network also gives the clean prediction

(3.34) é\k = 5\9(1/05)\k2’]€,/\k>7 5507;@ =2k — Tké\k.

Although score, noise, and clean predictions are algebraically equivalent at g, their
frozen schemes have different numerical behavior. Direct clean-data prediction re-
mains effective in high-dimensional pixel spaces where prediction of noised quantities
degrades [27]. Moreover, recent error analysis shows that posterior-mean freezing ad-
mits a discretization bound governed by the metric-entropy dimension, whereas score
freezing retains ambient-dimension dependence [31]. We therefore freeze the clean
prediction, leaving the known Gaussian state dependence unfrozen:
(3.35) P (z) o DOk T E

ax
Set xx := gx + ax and k) = xa/qr. On [Ag, Akt1], substituting (3.35) into the
dynamics (3.32) gives

(3.36) dz, = [I{)\(/fo’k — ZA) —x2H)\Z») + X>\b>\] d\ + v2ay) dW,.
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Equation (3.36) keeps the continuation dependence of H), by explicit through (3.11)—
(3.15).

We integrate the mean-reverting prior part of (3.36) exactly, freeze the likeli-
hood coeflicients at the right endpoint, and apply backward Euler only to that linear
likelihood term. The required step coefficients are

Ak+1
(3.37)  op:=exp —/ Keds |,
Ak

Akt A1 Ak41
(3.38) Qi ::/ xs ds, Vi = 2/ as exp —2/ Ky du | ds.
)\k >\k S

Here g; is the exact mean contraction of the frozen mean-reverting component, €
is the accumulated likelihood weight, and Vj, is the conditional variance generated by
the Langevin diffusion. With Hyyy := H),,, and bgy1 := by, ,, the PD-IMEX step
is

I+ QkaH)ZQiH = Tok + ok(2k — Zok) + QUebry1,

(3.39)
21 = 288 Vi &k, & ~N(0,1).

Algorithm 3.1 PD-IMEX posterior sampler
Require: Measurement y, operator A, measurement-noise level o4, score network &y,
grid {)\k}fzo, likelihood-continuation schedule 7y, Langevin-intensity schedule ay
Ensure: Approximate posterior sample zg
1: Draw x5, ~ N(0,I) and convert it to the clean coordinate: zo < x,/\/@x,
2: for k=0,..., K—1do
3: Form I'y, ., Hi41, and by from (3.11) and (3.15)
Evaluate &5, and Zg j from (3.34)
Compute g, Q, and Vi, from (3.37)—(3.38)
Solve the deterministic IMEX equation in (3.39) for zgitl
Draw &, ~ N(0,1) and set 241 « 2554 + Vi
8: end for
9: Return zg

A

The implicit solve in (3.39) stabilizes the deterministic likelihood drift. The
Gaussian term +/Vi&;, is the Langevin innovation after integration through the frozen
prior mean-reverting subflow. Adding it after the likelihood solve prevents additional
filtering by the likelihood resolvent. Classical analyses of stiff stochastic integrators
identify the same loss of fluctuations when an under-resolved relaxation is handled
by an L-stable implicit update [26]. If the innovation were instead placed inside
the backward-Euler solve, a likelihood eigenmode of curvature v would retain only
(1+ Q)2 of its innovation variance. This post-solve ordering preserves the innova-
tion covariance prescribed by the update, while the following proposition establishes
first-order consistency with the continuous posterior dynamics. It is not claimed to
integrate the full stiff frozen covariance exactly.

PROPOSITION 3.7 (Post-solve Langevin innovation and local consistency). As-
sume Hyy1 is symmetric positive semidefinite and let Ry, = (I + QpHy1)~ L. Condi-
tional on zi, the post-solve update (3.39) has covariance ViI. If the same Langevin
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innovation is placed inside the implicit likelihood solve, its covariance is Vi R2; hence
post-solve placement avoids artificial damping by the likelihood resolvent.
If ay, qx, and the coefficients are C' on a fized finite interval, then as hy — 0,

(3.40) o = 1—kn e +O(h}), Qi = X2 he +O(h}), Vie = 2ax, hi, + O(h}).

Consequently, when To = 2 + kaiz (21), the conditional mean and covariance of
(3.39) match those of (3.23) to first order.

The proof is in Appendix E. This statement concerns the innovation covariance of
the chosen update decomposition; it does not claim exact integration of the full stiff
frozen covariance. The first-order expansion fixes the finite interval and its coefficients,
$0 it is not uniform in a simultaneous stiff limit where Qy, || Hg41|| remains order one
under refinement.

Having established retention of the post-solve Langevin innovation and local con-
sistency, we next quantify the global weak error relative to the continuous sampler
in the exact-score setting. Let @ denote the exact transition of (3.23) from Ay to
Ak+1, and let @k be the one-step kernel of (3.39) using the surrogate posterior score
in (3.14).

THEOREM 3.8 (First-order weak error of PD-IMEX). Fiz A > Ao and let A\g =
A. Suppose PD-IMEX uses the exact prior score, so that Top = 2z, + kaii_ (2x), and
write Bx(z) = (qx + ax)sx(2;y). Assume on [N, A] that By, ax, Hy, and by are C!
in X\, and that the spatial derivatives of By through order four have polynomial growth
uniformly in . Assume also that the exact process and the numerical chains are
nonexplosive and satisfy the polynomial moment bounds used below, uniformly on the
finite interval and over sufficiently fine grids. For a test function ¢ € C?(Rd), suppose
that the associated backward Kolmogorov solution has spatial derivatives through order
four with polynomial-growth bounds uniformly on [\, A]. Initialize both processes from
the same law and let

h:= max hy.
0<k<K

Then there is a constant Cy a, independent of the grid, such that

(3.41) 63 - [ odun| < Conn

These are finite-horizon weak-approximation assumptions. Stating the required
backward regularity explicitly avoids imposing stronger global conditions on the end-
point prior than are needed for the argument.

The proof in Appendix E establishes the local expansion

(3.42) Qrf(2) = f(2) + hla, f(2) + O((1 + [|2|™)hE),
where
(3.43) Laf = (ax+ax)sa(-3y) - Vf +arAf.

The exact transition has the same first-order expansion. A telescoping argument with
backward Kolmogorov regularity then gives the global result.

Combining the finite-horizon weak error with continuous tracking and endpoint
consistency yields the following decomposition for the oracle-score chain.
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COROLLARY 3.9 (Finite-horizon weak-error decomposition for oracle-score PD-
IMEX). Under the assumptions of Theorems 3.6 and 3.8, for every ¢ € Cit(R?),

a 1

+ 219l Tk = (1 Y)llpy -

The three terms in (3.44) are, respectively, time-discretization error, sampler-to-
surrogate tracking error, and surrogate endpoint error.

4. Experiments. The experiments evaluate the three layers of the framework:
construction of the surrogate posterior path from the multiscale diffusion prior, the
role of the Langevin intensity in tracking and exploration, and the numerical realiza-
tion of the dynamics.

4.1. Experimental protocol. We evaluate on 100 images from Flickr-Faces-
HQ (FFHQ) 256 x 256 [21] and 100 images from ImageNet 256 x 256 [36]. For FFHQ
we use the pretrained prior from DPS [10]; for ImageNet we use the unconditional
prior of Dhariwal and Nichol [13]. We consider bicubic x4 super-resolution, Gaussian
deblurring with a 61 x 61 kernel of standard deviation 3.0, and motion deblurring
with a 61 x 61 kernel of intensity 0.5. Independent Gaussian measurement noise with
o4 = 0.05 is added in every main task. We report peak signal-to-noise ratio (PSNR),
structural similarity index (SSIM), and learned perceptual image patch similarity
(LPIPS) [47].

We count each score-network call as one network function evaluation (NFE).
The reported 100-NFE outputs use 99 PD-IMEX transitions followed by one termi-
nal denoising evaluation, which serves as a finite-noise reconstruction readout. The
endpoints are the coarsest and finest trained diffusion scales, Ay = —5.05884 and
Ax = 4.60512, and the grid is uniform in log-SNR up to rounding to the nearest
distinct training index. We parameterize the Langevin intensity as ay = (g, where
( is the relative Langevin intensity. The likelihood covariance is

(4.1) [(1) = o3I +n(1)AAT, n(T) Te = 6.

T2 472’
This choice follows the uncertainty interpretation in (3.11). Since z = X + 7¢, the
perturbation observed through A has covariance 72AA T, giving the nominal likelihood
covariance 021 + 72AAT. We temper it by the smooth gate n(7)/72 = 72/(7% + 72).
Thus 7(7) ~ 72 at coarse diffusion scales, where projected diffusion uncertainty should
be retained, whereas 1(r) ~ 7%/72 near the endpoint, where the continuation is
removed more rapidly to expose the original likelihood. The crossover satisfies n(7.) =
72/2. We fix 7. = 6 for all main tasks; the resulting schedule is positive, smooth, and
endpoint-consistent. We use ¢ = 0.1 for FFHQ and ¢ = 0.01 for ImageNet. MGPS
and DAPS use multiple score calls within each outer level, so both levels and actual
NFEs are reported.

Every likelihood solve is noniterative. Deblurring is diagonalized by the two-
dimensional FF'T, bicubic super-resolution uses the explicit singular-vector basis of
the separable degradation, and inpainting uses a diagonal closed form. The controlled
ablations share the same images, measurement-noise realizations, operator seed, and
posterior-sampling seeds.

At 100 score-network evaluations, PD-IMEX provides the strongest overall dis-
tortion performance in the comparison and remains competitive in perceptual quality,
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TABLE 1
Reconstruction results with o4 = 0.05, averaged over 100 images per dataset. Computational
cost is reported as outer levels/actual score-network evaluations. Higher PSNR and SSIM and lower
LPIPS are better.

Levels/ Gaussian deblur Motion deblur Super-resolution (x4)
Method NFEs] PSNRt SSIMt LPIPS| PSNRt SSIMt LPIPS| PSNRft SSIM?T LPIPS])
FFHQ
DPS [10] 1000/1000  25.41 .708 .144 23.69 .658 178 24.21 673 194
DiffPIR [49] 100/100 28.24 774 .184 27.09 704 .194 27.67 772 .118
DDRM [23] 100/100  29.12  .837  .132  20.23  .846  .089  29.30  .843  .141
RED-Diff [29] 100/100 28.46 .705 .242 26.62 .768 .235 27.72 715 .361
MGPS [30] 100/814 27.88 792 .149 26.82 .769 147 27.55 783 .115
DAPS [48] 100/500 28.71 792 155 28.39 .795 142 28.66 764 142
Ours (PD-IMEX) 100/100 29.52 .847 .208 30.57 .869 .139 29.49 .847 .201
ImageNet
DPS [10] 1000/1000 21.81 .526 314 21.15 .503 .352 21.58 .507 .404
DiffPIR [49] 100/100 24.18 597 .493 23.16 514 422 23.71 B5T7 .338
DDRM [23] 100/100 25.59 714 .336 26.61 .761 .189 25.64 720 321
RED-Diff [29] 100/100 24.52 .661 1491 23.76 .635 429 24.46 .609 537
MGPS [30] 100/674 24.68 .657 .397 24.14 .642 .352 24.77 .667 .305
DAPS [48] 100/500 24.98 .661 .349 25.33 .685 .303 25.08 .669 .319

Ours (PD-IMEX) 100/100 25.62 .716 .399 27.59 .779 .197 25.35 712 .390

Measurement DPS DiffPIR DDRM RED-Diff MGPS DAPS Ours Ground truth

Fic. 1. Representative FFHQ reconstructions for the methods in Table 1. Columns share the
same measurement within each row.

with the expected fidelity—perception trade-off on several tasks. It ranks first in ten of
the twelve PSNR and SSIM comparisons and second in the remaining two, including
against methods using five to ten times as many score evaluations. DDRM and MGPS
retain lower LPIPS on several tasks, whereas PD-IMEX is second in motion-deblurring
LPIPS on both datasets.

4.2. Ablation of multiscale posterior construction. We first test how the
measurement model is coupled to the multiscale diffusion prior. The naive baseline
applies time-independent likelihood guidance, the second configuration corrects the
likelihood center through scale consistency, and the full configuration additionally
continues its covariance. All other stochastic and numerical settings are fixed. The
naive multiplier is tuned separately for each task, giving v* = 1 on FFHQ and v* = 0.3
on ImageNet.

Table 2 separates the two components of the surrogate likelihood. Scale con-
sistency corrects its center by undoing the deterministic attenuation of the diffusion
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TABLE 2
Ablation of the multiscale posterior construction over 100 images at a fized 100-NFE budget.
The naive baseline uses its best time-independent scalar multiplier. The second configuration aligns
the likelihood center with the clean-image coordinate, and the third additionally continues its covari-
ance to account for residual diffusion uncertainty. All Langevin and numerical settings are fixed.

FFHQ Gaussian deblur  ImageNet motion deblur

Configuration PSNRt SSIM1t LPIPS| PSNRtT SSIMtT LPIPS|
Naive guidance (best scalar) 19.228 .67088 .33503 23.799 .70211 .34586
Scale-consistent likelihood 29.502 .84730 .20597 24.729 .56936 .20600

Scale-consistent + continuation 29.523 .84723 .20753 27.585 .77864 .19684

FFHQ Gaussian deblurring ImageNet motion deblurring

F 0.30

1
1
|
|
£ 2901 i » 2 »
= | F0.16 & = -9
g : 5 2 025 5
28.8 1 — F 025 2
2 i Fo.14 z
28.6 1 1
1 F0.12
2844 O DSNR : F0.20
—=— LPIPS | F0.10
282 T T : T T T T T
Q \5 % N ISR > ® Q » > N a0 N > ®
oY Y DREEEENENG RSN QY 2
Relative Langevin intensity ¢ Relative Langevin intensity ¢

Fic. 2. Effect of the relative Langevin intensity ¢ on reconstruction fidelity and perceptual
quality for two noisy deblurring tasks. Each panel reports PSNR on the left axis and LPIPS on
the right axis over 100 images. Only ¢ is varied; the continuation, numerical grid, score network,
measurements, and random seeds are fized. Dashed vertical lines indicate the values used in Table 1.

state. A scalar guidance weight can compensate for part of a center mismatch on
some tasks but cannot replace this scale-dependent alignment uniformly. Likelihood
continuation then changes the effective covariance, accounting for residual diffusion
uncertainty at coarse scales. Its effect is small on FFHQ Gaussian deblurring but
substantial on ImageNet motion deblurring.

4.3. Langevin intensity: tracking and exploration. Figure 2 shows that
the practical effect of the relative Langevin intensity is nonmonotone and task depen-
dent. On FFHQ Gaussian deblurring, a moderate value improves distortion accuracy,
while a larger value can improve LPIPS at the expense of PSNR. ImageNet motion
deblurring favors a smaller value, and an excessively large value degrades both met-
rics. Thus ¢ controls a finite-step tracking—exploration trade-off rather than serving
as a universally beneficial choice of Langevin intensity.

Figure 3 complements the aggregate metrics with a multimodal inpainting ex-
ample. At ¢ = 0, the finite-step deterministic implementation contracts different
initializations toward similar, relatively smooth completions. In contrast, the selected
larger value produces coherent but visibly different facial completions, illustrating
how the relative Langevin intensity controls sample variability in an underdetermined
problem.

4.4. Numerical realization: coarse-grid stability and innovation place-
ment.
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Measurement sample 1 Sample 2 sample 3 sample 4 sample 5 Ground truth

F1c. 3. Effect of the relative Langevin intensity on sample diversity for centered-box inpainting.
The two rows use ( = 0 and ¢ = 24, respectively, and the five central columns use independent
sampling seeds while keeping the measurement and operator fized.

TABLE 3
NFE refinement of the explicit and implicit likelihood updates. Entries are mean PSNR, SSIM,
and LPIPS over 100 images. Within each NFE, the better result between the two updates is bold;
fail denotes numerical failure on all 100 images. All configurations use the same surrogate posterior
path, Langevin-intensity schedule, score metwork, images, measurements, and random seeds; only
the log-SNR grid and the treatment of the linear likelihood drift differ.

Task NFE Explicit Implicit
PSNRt SSIM1 LPIPS] PSNRftT SSIMtT LPIPS|
100 fail 29.523 .8472 .2075
FFHQ Gaussian 200 28.698 .7891 .2311  29.505 .8470 .2066
deblur 500 29.499 .8472 .2058 29.489 .8469 .2064

1000 29.494 .8470 .2063  29.486  .8468 .2066

100 5.434 .1344 9360 27.585 .7786 .1968
ImageNet motion 200 18.342  .2843 5728  27.643 .7841  .2217
deblur 500 27.661 .7847 .2284 27.638 .7838 .2357
1000 27.637 .7838 .2375 27.627 7833 .2403

Coarse-grid stability. We next examine the two numerical choices in PD-IMEX
by refining the log-SNR grid. The explicit and implicit variants have the same surro-
gate posterior path and Langevin-intensity schedule; they differ only in the treatment
of the linear likelihood drift.

The explicit update is unusable on the 100-NFE grid: it fails numerically on all
FFHQ images and attains only 5.43 dB PSNR, .1344 SSIM, and .9360 LPIPS on Ima-
geNet. Refinement restores the same limiting behavior as the implicit update, but at
an operator-dependent rate. On FFHQ the explicit method remains less accurate at
200 NFEs and agrees with the implicit method across all three metrics by 500 NFEs;
on ImageNet it remains under-resolved at 200 NFEs and recovers only at 500 NFEs.
Over the same refinement, the maximum stability indicator maxy QxAmax(Hr+1) de-
creases from 7.30 to 1.06 at 500 NFEs and .50 at 1000 NFEs on FFHQ); the corre-
sponding values on ImageNet are 6.70, .97, and .46. The implicit update is stable
throughout. Thus implicit treatment follows the same posterior dynamics on a sub-
stantially coarser grid and hence requires fewer score evaluations.
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Innovation placement. Noiseless centered-box inpainting is treated separately
as a qualitative stress test. Removing a 128 x 128 square leaves a large null space, so
many semantically different faces can agree exactly with the observed pixels. Pixelwise
PSNR and SSIM against one hidden ground truth would penalize plausible posterior
samples merely for choosing a different eye shape, expression, or facial detail. We
therefore use this task only to inspect visual coherence and sample variability. All
methods use the same FFHQ prior, centered mask, and noiseless observed pixels. For
PD-IMEX, we use a quadratic grid, initialize the observed region from the appropri-
ately noised measurement, and apply no hard projection. The 100-NFE configuration
uses 7, = 24 and ( = 24.

This task also makes the placement of the Langevin innovation especially relevant.
To display the distinction explicitly, write

dy = Zo . + or(zk — To k) + Qebrs1, Ry, o= (I + QpHp 1)

Using the same Gaussian draw £, the two variants are

zimside — Ry (di + Vi &),

(4.2)
0 = Ridi + V&, & ~N(0,1).

Thus, inside-solve placement filters the innovation through the likelihood resolvent,
whereas post-solve placement applies the resolvent only to the deterministic update.
Along a likelihood eigenmode of curvature v, the local relaxation time is approximately
(kx + xav) 1. Near the endpoint, the product Qv can remain order one or larger,
so this fast scale is not resolved by the grid. The inside-solve variant then retains
only the fraction (1 + Q)2 of the innovation variance. The post-solve variant in
(4.2) instead stabilizes the deterministic likelihood drift without filtering the Langevin
innovation.

To isolate this placement effect at finite NFE, the amount of residual refresh
must also remain comparable. Over step k, the fresh-innovation fraction is 1 —
exp(—2¢AMg). Thus, holding ¢ fixed while refining the grid weakens the refresh per
step and confounds innovation placement with a different practical stochastic regime.
We use ¢ = 24,48,120, 240 at 100,200, 500, 1000 NFEs, respectively, which approxi-
mately preserves the typical per-step refresh strength of the 100-NFE configuration.

Within each NFE, the inside- and post-solve variants share the initialization and
every Gaussian draw; only the placement of the innovation changes. Figure 4 shows
that post-solve innovation gives a coherent completion throughout the tested NFE
range, whereas filtering the same innovation through the inside-solve resolvent leaves
the missing region unresolved. The experiment therefore supports post-solve place-
ment when the finite-step refresh strength is matched.

Figure 5 places this controlled study in a broader inverse-problem comparison.
Since many images are compatible with the same masked observation, we do not
rank the methods by pixelwise proximity to the single hidden image. Instead, the
figure compares preservation of the observed region and the generation of coherent,
semantically plausible content in the missing region.
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Measurement 100 NFE 200 NFE 500 NFE 1000 NFE Ground truth

Inside-solve
innovation

Post-solve
innovation

Fic. 4. Langevin innovation-placement study for noiseless centered-box inpainting. From 100
to 1000 NFEs, we use { = 24,48,120, 240, respectively, to keep the typical per-step residual refresh
comparable. Within each column, the inside- and post-solve variants use the same initialization,
determanistic implicit update, and Gaussian draws; only the innovation placement changes.

Fic. 5. Qualitative comparison for noiseless centered-box inpainting. From top to bottom, the
rows show images 88, 15, and 80. All methods use the same FFHQ model, centered mask, and
noiseless observed pizels. PD-IMEX uses ( = 24, post-solve Langevin innovations, and 100 NFEs.
Because the conditional problem is highly nonunique, the ground truth is shown as one compatible
latent image rather than as the unique desired completion.

5. Conclusion. We developed posterior dynamics that use the full multiscale
diffusion prior for linear imaging inverse problems. The key idea is to condition the
diffusion prior across diffusion scales, rather than using the pretrained network only as
a denoising module inside an outer reconstruction procedure. Aligning the likelihood
center with the clean-image coordinate and continuing its covariance for residual dif-
fusion uncertainty define an explicit surrogate posterior path. The resulting dynamics
combine base multiscale transport with a tunable Langevin component, providing a
common mechanism for posterior tracking and task-dependent exploration. Endpoint
consistency and a finite-horizon tracking estimate give analytical support for this
construction.

PD-IMEX provides an efficient and stable realization of the dynamics. It uses one
score evaluation per diffusion scale, treats the linear likelihood drift implicitly, and
places the Langevin innovation after the data-consistency solve. Experiments show
strong reconstruction quality at 100 score evaluations, demonstrate that implicit inte-
gration preserves coarse-grid efficiency, and show how the relative Langevin intensity
adapts the fidelity—diversity behavior to different inverse problems. Together, these
results provide a direct route from a pretrained multiscale diffusion prior to a theo-
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retically supported and flexible posterior solver.

Appendix A. Proof of the exact posterior family.

Proof of Proposition 3.1. Let ¢y = e~ 2*. Since my = P, po(- | y) and the Gauss-
ian heat semigroup satisfies

OgPyv = %APqu,
we have ¢} = —2¢, and therefore
(A1) Ty = —r Ay,
Let m) be the density of (3.6). Its Fokker—Planck equation is
(A.2) hmy ==V - ((gr + ax)mrVieg ) + axAmy.
Substituting my = 7§ and using 7§V log 7§ = Vi gives
=V ((gr + ax)V7TY) + arA7§ = = Anf = drnrd.

Thus 7§ solves (A.2). Since the initial law is WKO, uniqueness of the Fokker—Planck
solution implies my = 7§ on every compact interval. Finally, gy — 0, and continuity
of the Gaussian semigroup at zero gives Py, po(- | y) = po(- | v)- 0

Appendix B. Endpoint and score consistency.

Proof of Proposition 3.3. Because py € L'(R?%) and the Gaussian kernels form an
approximate identity,

(B.1) l7x = poll,n — 0.
Let
Az — y|”
Loo(z) = exp | — =2 | |
(2) = exp 207

Since T'y* — 0,21, we have Ly(2) — Loo(2) pointwise, and 0 < Ly, Lo, < 1. Write
f)\ = 7T)\L)\ and foo = pOLOO. Then

lfx = foollr < llma — poll s +/7TA\LA — Ly|dz
(B.2) <2jm = pollps + [ ol ~ Lucldz >0,

where the final integral converges by dominated convergence. Consequently,

ZA:/f)\dZ*)Z ::/foodz>0.
For all sufficiently large A\, Z\ > Z.,/2, and

’ f)\ foo 1

N

Z)\ Zoo

1 1
< — — 1 - = coll71 .
< 5 W= Flls + |5 = 5 Ul =0

Ll

Since total variation is one half of the L' distance between densities, this proves (3.17).
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For the score statement, Bayes’ rule gives
Viogp(z | y) = Vlegpo(z) — 0, °AT (Az —y).
Subtracting this identity from (3.14) yields
(B.3) 5x(z;y) —Viogp(z | y) = Viogma(2) = Viegpo(z) — AT (T — o 2T)(Az —vy).

The first term converges locally uniformly by assumption. On every compact set, the
second term converges uniformly because F;l — 0521 and Az —y is bounded there.0

Appendix C. Transport defect for the continued likelihood.
Proof of Proposition 3.5. Write fy = m\ and uy = f)L), so that 7\ = uA/qu.

Since Jy fx = —g\Afx, centering removes the derivative of the normalizer and gives
Ohux + g Auy
(Cl) ™ = Cﬁ—k |:u)\ .

The product rule contributes 2¢,s} - shk. Moreover, direct differentiation of (3.12)
yields

2

ik Alog Ly = —tr(H)).

1
Oxlog Ly = 57'7,\ |sX

Consequently,

Or\Lx + @y ALy

2
L)\ || :

1.\
= —qxtr(H)y) + (q)\ + 277>\) ||51/\k

Substitution into (C.1) proves (3.21), because the spatially constant trace term van-
ishes under centering. ]

Appendix D. Entropy identity and finite-horizon tracking.

Proof of Theorem 3.6. For notational brevity, write ¢ = g, a = ay), @ = Ty,
=y, and g = p/m. The Fokker—Planck equation of (3.23) is

hp=-V-((g+a)puViogn) + alp
(D.1) = —¢V - (uVlogm) +aV - (uVlogg).

The second equality follows from V-(uVlog g) = Au—V-(uV log ). By the definition
of the defect,

(D.2) O\ = —qAT + ).
Differentiate H(\) = [ ploggdz. Since [dpudz =0,

(D.3) H(\) = /c’huloggdz*//ﬁk log 7 dz.

The Langevin contribution in (D.1) is

(D.4) a/v.(uwogg) loggdz = fa/||V10gg||2 dy.
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The base transport contribution is

q/ngogw~Vloggdz:q/Vw-ngz

(D.5) = —q/gAw dz = —q/ Hd,u.
T
Meanwhile, (D.2) gives
(D.6) —/,ua,\logwdz:q/&d,u—/mdu.
™

The first terms in (D.5) and (D.6) cancel, yielding the exact identity (3.26).
Apply the log-Sobolev inequality (3.27) to f = ,/g. Since [gdr =1,

HO) =Entolg). [ [VVal* dr = {1ulm)
and hence
(D.7) I(plm) = 203 H(X).
Combining (3.26), (3.28), and (D.7),
H'(A) < —(2axps — ex) H(A) + 3 = —kaH(A) + ex.

The integrating-factor form of Gronwall’s inequality gives (3.30). If the cumula-
tive contraction diverges and its weighted defect forcing vanishes, then H(\) — 0.
Pinsker’s inequality, the triangle inequality, and Proposition 3.3 then yield conver-
gence to the posterior in total variation.

For completeness, the entropy variational inequality

/qu < KL(v|7) +1og/eF dr

with F' = —0,ry yields (3.31) pointwise in A. |
Appendix E. Post-solve Langevin innovation and weak error.

Proof of Proposition 3.7. Write Ry, = (I + Qi Hy41) ™" and Zx41 = Tox + ok (2K —
To k) + Qbkt1. Then 241 = RyZi+1 + Vi, so its conditional covariance is exactly
ViI. If the innovation is instead included in the implicit solve, the update becomes
Rk (Zks1 + vVi&) and has conditional covariance VkRi, since Ry, is symmetric. This
proves the covariance comparison.

On a fixed finite interval, Taylor expansion of the scalar integrals in (3.37)—(3.38)
gives, uniformly in k,

(E.l) or =1 —Kkrphr + O(h%), Qr = xphie + O(hi), Vi = 2ahy + O(hi),

because the exponential factor defining Vj, is 1+ O(hy) uniformly over the step. This
proves (3.40).
Tweedie’s identity gives Zor — 2z = qxsh (2). Smoothness in A and (E.1) yield

Zrt1 = 2+ Xuhe (S5 (2) + bg) + O((L + ||2[)) 1), Ry, = I — xphi Hy + O(R3).
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Consequently,
(E.2) Elzei1 — 2 | 21 = 2] = (qr + ar)x, (23 9)he + O((1 + [|2])h3),
(E.3) Cov(zk41 | 2k = 2) = 2aihi I + O(hi),

where the first line uses 5z, (z;y) = s} (2) — Hiz + bi. These are the first conditional
moments of (3.23) to first order. |

Proof of Theorem 3.8. Set
Bi(z) = (gx + ax)sr(z39), Laf=Bx-Vf+a\Af.

Fix k and condition on zzlg = 2. The affine Gaussian update can be written as

Ap =28 — 2 =mp(2) + VWV, & ~N(0,1),
where (E.2)—(E.3) give
(E.4) my(z) = By, (2)hi + O((1 + ||2]))h3), Vi = 2ax, by + O(h3).

The raw second moment, rather than only the covariance, is needed below. Since
]E[AkA;] =Vl + mkmz,
(E.5) E[ARAL] = 2ax,hed + O((1 + ||2]*)h3).

The centered Gaussian third moment vanishes. Expanding around my, and using (E.4)
therefore gives, for some integer m independent of the grid,

(E.6) [EAZ] < CO+21Mbi  ElALl" < CO+12™)h3.

The first estimate is a signed tensor-moment bound, whereas the second is the absolute
fourth-moment bound required for the Taylor remainder.

For a function f whose spatial derivatives through order four have the stated
polynomial-growth bounds, a third-degree Taylor expansion with a fourth-order re-
mainder gives

Fle+ B4) = F(2) + DA + 5 D F() A, Al
+ %D?’f(z)[Ak, Ags Ax] + Rz, Ap).
The remainder satisfies
|[Ra(z, AR < OO+ 2™ + 1 Akl™) 1Ak]

Gaussian moment estimates and (E.4) therefore bound its conditional expectation by

C(1+ ||z||m,)hi for some m’. Taking conditional expectations in the Taylor expansion
and applying (E.4)—(E.6) yields

(E.7) Qi (2) = f(2) + hiln, f(2) + O((L+ ||z ™)h}).

We next derive the corresponding expansion for the exact transition. Set s = Ay
and t = Ap11, and write E; , for expectation conditional on Z; = z. Dynkin’s formula
gives

Qrf(z) = f(2) + / B, .[L,f(Z,)] dr.
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Applying the time-dependent Dynkin formula to g(r,z) = L, f(z) gives

BuclCof(20] = £ () + [ B[00+ £ILN)(Z)] du
Substitution into the preceding identity yields
Qrf(2) = f(2) + hiLsf(2)
/ / o2 [((Bu + Lo)Luf)(Z0)] dudr.

The coefficient regularity implies that ((8 L)Ly f)(x) has polynomial growth. The
exact moment bounds and the area hZ /2 of the integration region then give

(E.8) Qrf(2) = f(z) + el f(2) +O((1 + [|12]™)h3).
Comparing (E.7) and (E.8) gives

(E.9) (Qk = QU F(2)] < Cr(1+ |12™)h3
Finally, define the backward functions
ur(z) == E[p(Z4) | Zx, = ].

They satisfy uy = Qrur+1 and, by assumption, have spatial derivatives through order
four with polynomial-growth bounds uniform in k. Since the exact and numerical
processes have the same initial law, telescoping gives

BA(E) —Eo(Za) = Y B @k = Quyunsa ()

k=0

Applying (E.9), the numerical moment bounds, and

K—-1 K—-1
SO <h Y hi=h(A— )
k=0 k=0

proves (3.41). d
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